
RAPID COMMUNICATIONS

PHYSICAL REVIEW D, VOLUME 59, 091502
Two-pion light-cone distribution amplitudes from the instanton vacuum

M. V. Polyakov* and C. Weiss†
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We calculate the two-pion light-cone distribution amplitudes in the effective low-energy theory based on the
instanton vacuum. These generalized distribution amplitudes describe the soft~non-perturbative! part of the
processg* g→pp in the region where the c.m. energy is much smaller than the photon virtuality. They can
also be used in the analysis of exclusive processes such asg* p→p12p,3p, etc. @S0556-2821~99!50207-5#

PACS number~s!: 12.38.Lg, 13.60.Fz, 13.60.Le
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Hadron production in photon-photon collisions at low i
variant masses has become a subject of great interest rec
@1#. Under certain conditions such processes are amenab
a partonic description, if the virtuality of the photon,Q2, is
much larger than the squared c.m. energy,W2. The simplest
such process,g* g→p0, provides a unique framework fo
studying the pion light-cone distribution amplitude@2#. Re-
cently, Diehlet al.have argued that also production of a p

of hadrons,g* g→hh̄, can be described in factorized form
@3#. The amplitudes for these processes contain unkno
non-perturbative functions describing the exclusive fragm
tation of a quark-antiquark pair into two hadrons.1 In addi-
tion to the usual parton momentum fraction with respect
the total momentum of the hadronic final state, these fu
tions depend on the distribution of longitudinal momentu
between the two hadrons, as well as on the invariant mas
the produced system,W2. In particular, the authors of Ref
@3# consider the production of two pions, the soft part
which is contained in a generalized two-pion distributi
amplitude. Quantitative estimates of these functions are
gently needed for the computation of the cross section
such processes.

In this Rapid Communication we calculate the two-pi
distribution amplitudes at a low normalization poi
(;600 MeV) in the effective low-energy theory based
the instanton vacuum@5#. This approach has recently bee
used to study the pion distribution amplitude@6,7#, which
was found to be close to the asymptotic form, consistent w
the recent CLEO measurements@8#. Our aim is to discuss
qualitative features of the two-pion amplitudes, and to cal
late the convolution with the tree-level hard scattering a
plitude. An account of a more extensive investigation will
published elsewhere@9#.

By crossing symmetry, the processg* g→hh̄ is related to
virtual Compton scattering,g* h→gh, which can be factor-
ized into a hard photon-parton scattering amplitude and
off-forward parton distribution~OFPD! @10#. In addition to

*Permanent address: Petersburg Nuclear Physics Institute, 18
Gatchina, Leningrad District, Russian Federation. Email addr
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1Similar functions have previously been introduced to descr

multi-hadron production at large invariant masses@4#.
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the light-cone momentum fraction,x, the latter depends on
the longitudinal component of the momentum transfer to
hadron,j. The off-forward isosinglet quark-antiquark distr
butions in the nucleon have been computed in the effec
low-energy theory in Ref.@11#. It was found that atx
56j/2, the OFPD exhibits characteristic discontinuiti
~see also Ref.@12#!. Actually, these would-be discontinuitie
are reduced to sharp, but continuous crossovers when
takes into account the momentum dependence of the
namical quark mass. We shall find similar behavior in t
two-pion amplitudes considered here.

The generalized two-pion distribution amplitude
~GDA’s! are defined as@3#

F~z,z,W2!5
1

4pE dx2e2~ i /2!zP1x2

3^pa~p1!pb~p2!uc̄~x!

3nmgmTc~0!u0&ux150,x'50 . ~1!

Here, nm5(1,0,0,1) is a light-like vector (n250), and for
any vector,V, the ‘‘plus’’ and ‘‘minus’’ light-cone compo-
nents are defined asV1[(n•V)5V01V3, V25V02V3.
The outgoing pions have momentap1 ,p2, andP[p11p2 is
the total momentum of the final state.T is a flavor matrix;
T51 for the isosinglet,T5t3 for the isovector GDA.

The GDA, Eq.~1!, depends on the quark momentum fra
tion with respect to the total momentum of the two-pio
state,z; the variablez[p1

1/P1 characterizing the distribu
tion of longitudinal momentum between the two pions, a
the invariant c.m. energy,W25P2. In what follows we shall
work in the reference frame whereP'50. In this frame

P25
W2

P1
,

p1
25

W2~12z!

P1
, ~2!

p'
2 [p1'

2 5p2'
2 5W2z~12z!2mp

2 .

From these relations, one obtains the kinematical constr
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z~12z!>
mp

2

W2
. ~3!

We compute the GDA, Eq.~1!, within the effective theory
of pions interacting with quarks with a dynamical mas
which has been derived from the instanton model of
QCD vacuum@5#. The coupling of the pion field to the
quarks, whose non-linear form is dictated by chiral inva
ance, is described by the action

Sint5E d4xc̄~x!AM ~]2!eig5tapa~x!/FpAM ~]2!c~x!,

~4!

whereFp593 MeV is the weak pion decay constant.
The momentum-dependent dynamical quark ma

M (2p2), plays the role of an UV regulator. Its form fo
Euclidean momenta was derived in Ref.@5#. This form factor
cuts loop integrals at momenta of order of the inverse av
age instanton size,r̄21'600 MeV. One should note that th
value of the mass at zero momentum,M (0), is parametri-
cally small compared tor̄21; the productM (0)r̄ is propor-
i
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x-
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tional to the small packing fraction of the instanton mediu
Numerically, a valueM (0)5345 MeV was obtained in Ref
@5#.

In the leading order of the 1/Nc-expansion, the matrix
element in Eq.~1! is given by the sum of the two Feynma
graphs shown in Fig. 1. The first graph, Fig. 1~a!, contributes
only to the isosinglet part of the GDA (T51), whereas the
second graph, Fig. 1~b!, contributes to both the isosinglet an
isovector part (T5t3). We first consider the contribution
from Fig. 1~a!. By straightforward calculation, we obtain

FIG. 1. The Feynman diagrams defining the two contributions
the two-pion distribution amplitude in the effective low-energ
theory, F (1) and F (2). The solid line denotes the massive qua
propagator, the solid points the vertices obtained by expanding
non-linear quark-pion coupling of Eq.~4! in powers of the pion
field, involving the form factorsAM (2p2).
F~1!~z,z,W2!5
4iNcP

1

Fp
2

dabTr~T!E d4k

~2p!4
d~k12zP1!AM ~k!M ~k2P!

zM~k2P!2~12z!M ~k!

@k22M ~k!21 i0#@~k2P!22M ~k2P!21 i0#
.

~5!
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This contribution is independent ofz, which is a conse-
quence of the contact nature of the two-pion-quark vertex
this model, Eq.~4!—the quark loop in Fig. 1~a! is indepen-
dent of the relative momentum of the pions. Als
F (1)(z,W2)52F (1)(12z,W2), a property which actually
follows from C-invariance@3#.

Let us first evaluate the integral in Eq.~5!, neglecting for
a moment the momentum dependence of the constit
quark mass. In this case the result takes a simple form

F~1!~z,W2!52
NcM0

2

pFp
2

dabTr~T!u@z~12z!#~2z21!

3E d2k'

~2p!2

1

k'
2 1M0

22W2z~12z!
, ~6!

whereM0[M (0) andu denotes the step function. This e
pression is nonzero at the endpoints,z→0 and 1. Such be-
havior of the distribution amplitude would violate the facto
ization theorem for the processg* g→pp, because the
amplitude contains the integral
n

nt

I ~z,W2!5E
0

1

dz
2z21

z~12z!
F~z,z,W2!, ~7!

which would be divergent ifF were nonzero at the end
points. However, such conclusion would be premature, a
is easily seen that the momentum dependence of the dyn
cal quark mass becomes crucial at the end points~see the
discussion in Refs.@7,11#!. This means that when computin
the isosinglet GDA, one cannot neglect the momentum
pendence of the constituent quark mass. For the nume
estimates, we employ a simple numerical fit to t
momentum-dependent mass obtained from the instan
vacuum:

M ~2p2!5
M0

~110.5p2r̄2!2
. ~8!

The result for thez-independent contributionF (1)(z,W2) to
the isosinglet GDA is shown in Fig. 2 for a value ofW2

50.25 GeV2.
It is useful to expand the isosinglet GDA in Gegenbau

polynomials of index 3/2, which are the eigenfunctions
the evolution kernel@13#,
2-2
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F~1!~z,W2!5dabTr~T!6z~12z!(
n

odd

an~W2!Cn
3/2~2z21!.

~9!

Due to the antisymmetry with respect toz→12z, only poly-
nomials of odd degree appear in the isosinglet part. The
merical results for the first few coefficients in the range
<W2<4M0

2 can be approximated by2

a1~W2!520.5556~121.33W2!,

a3~W2!520.036~126.2W2!~121.22W2!22,
~10!

FIG. 2. The contributions to the isosinglet two-pion distributi
amplitude,F(z,z,W2), as a function ofz, for z50.25 andW2

50.25 GeV2. Dashed line:contributionF (1), Eq. ~5!. Dotted line:
contributionF (2), Eqs.~13,14,15!. Solid line: total, F (1)1F (2).
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a5~W2!520.0036~122.0W2!23/2,

whereW2 is in GeV2. One sees that the coefficients decrea
rapidly with increasing order. We also give the result for t
contribution ofF (1) to the isosinglet part of the integral o
Eq. ~7!. With good accuracy the numerical results can
fitted by

I ~1!~W2!52dabTr~T!33.58~121.0W2!. ~11!

We now turn to the contribution to the GDA given by th
graph of Fig. 1~b!. One can easily convince oneself that t
neglect of the momentum dependence of the dynam
quark mass in this case does not lead to any violation
factorization. To make the discussion more transparent,
shall evaluate this contribution with a constant quark ma
the logarithmic divergence of the loop integrals can be
sorbed in the pion decay constant,

Fp
2 54Nc~2 i !E d4k

~2p!4

M0
2

~k22M0
21 i0!2

. ~12!

All formulas below can easily be generalized to the case o
momentum-dependent mass. Computing the Feynman
gral corresponding to Fig. 1~b!, we thus obtain

F~2!~z,z,W2!5 1
2 Tr~T@ta,tb# !@f~2!~z,z,W2!

2f~2!~z,12z,W2!#1Tr~T!dab

3@f~2!~z,z,W2!1f~2!~z,12z,W2!#,

~13!

where
f~2!~z,z,W2! 5
z,z M0

2Nc

pFp
2

u@z~12z!#zE d2k'

~2p!2

1

k'
2 1M0

22W2z~12z!
S11

kW'•pW'1mp
2 z2W2z~12z!

~k'
2 1M0

2!z22kW'•pW'z2mp
2 z1W2~12z!z2D ,

~14!
t

in
the
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n

xt-

on-
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nal
A

f~2!~z,z,W2! 5
z.z

2$z→12z,z→12z%. ~15!

Note the different symmetry of the isosinglet and isovec
part with respect toz→12z.

Some comments are in order here. The expressions fo
GDA given by Eqs.~6! and ~13!, ~14!, ~15! are valid in the
parametrically wide region of invariant c.m. energies 4mp

2

,W2,4M0
2 . For W2.4M0

2 the graphs of Fig. 1 develop a
imaginary part due to the presence of a two-quark thresh
in this model. This singularity is not physical because

2The functions given here should be considered as purely num
cal fits in the given range ofW2. In particular, the different powers
in the denominators have no physical meaning.
r

he

ld
r

momenta of orderr̄21;600 MeV degrees of freedom no
accounted for in the effective theory~e.g., heavy resonances!
start to play a significant role. These contributions can
principle be estimated phenomenologically by adding
coupling of the resonances to constituent quarks to the ef
tive action, Eq.~4!. Note also that the GDA’s computed i
this model are real atW2,4M0

2 only in the leading order of
the 1/Nc-expansion; an imaginary part appears in the ne
to-leading order due to pion loop contributions.

The contribution to the GDA given by Eqs.~13!,~14!, ~15!
exhibits discontinuities atz5z and z512z. The nature of
these discontinuities is the same as those found in the n
diagonal parton distributions computed in this model@11#.
As was shown in Ref.@11#, the inclusion of the momentum
dependence of the constituent quark mass smears this
continuity. However, in contrast to the case of non-diago
parton distributions, the discontinuities in the two-pion GD

ri-
2-3
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do not lead to violation of factorization, so we can be neg
gent and evaluate Eqs.~13!,~14! with a constant quark mass
The result is shown in Fig. 2, for a value ofz50.25 and
W250.25 GeV2, where we also give the total result for th
isosinglet GDA.

Let us take in Eq.~14! the chiral limit, mp50, and ex-
pand this contribution in powers ofW2. In this way one
obtains an analytic expression for the GDA,

f~2!~z,z,W2! 5
z,z

u@z~12z!#zH 11
NcW

2

8p2Fp
2

3
z@2z~12z!2~12z!#

z
1•••J , ~16!

and for z.z as above, Eq.~15!. From this expression we
find for the lowest two moments

E
0

1

dzF~2!~z,z,W2!5
1

2
~2z21!Tr~T@ta,tb# !

3H 11
Nc

24p2Fp
2

W21•••J ,

~17!

E
0

1

dz~2z21!F~2!~z,z,W2!5dabTr~T!

3H 1

3
22z~12z!1

NcW
2

120p2Fp
2

3@125z~12z!#1•••J .

~18!

The first moment, Eq.~17!, corresponds to the expansion
the pion electromagnetic form factor for small time-like m
menta. The pion charge radius read off from Eq.~17! is
^r 2&e.m.5Nc /(4p2Fp

2 ), which coincides with the result o
Ref. @5#. Only the isovector part of the GDA contributes
the first moment, as it should be on grounds of C-parity.

Of F (2) only the isosinglet part contributes to the integ
Eq. ~7!. It gives

I ~2!~z,W2!54dabTr~T!F2S 11
1

2
log@z~12z!# D

1
NcW

2

48p2Fp
2 $4z~12z!13z2log@z~12z!#

13~122z!log~12z!%G . ~19!

Note that this contribution is symmetric with respect toz
→12z.
09150
-

l

The total result for the integral Eq.~7! is given by the sum
of Eqs.~11! and ~19!. In Fig. 3 we plot the total result as
function of z at several values ofW2. We see that the abso
lute value of this integral for intermediate values ofz in-
creases withW2, and that the dependence onz is strong only
for small values ofz(12z), a region which is difficult to
access because of the kinematical constraint, Eq.~3!.

The scale dependence of the GDA is governed by
usual Efremov-Radyushkin-Brodsky-Lepage evoluti
@3,13#. This is obvious when one notes that the ha
scattering kernel of the amplitude forg* g→pp is the same
as that for a process with only one meson in the final s
~with appropriate quantum numbers!. The evolution equa-
tions can be solved, in analogy to those for the usual p
wave function@14#, by expanding in eigenfunctions of th
evolution kernel. In the isosinglet part of the GDA, one h
to take into account the mixing with gluon operators@15#;
this part will be considered elsewhere@9#. However, one can
easily establish the scale dependence of the isovector pa
the GDA, which does not mix with gluons. This functio
does not enter in the amplitude forg* g→pp, but it can
appear in exclusive processes of the typeg* p→Xp, whereX
is a two- ~or more! pion state~see below!. The asymptotic
behavior of the isovector GDA is given by

F~z,z,W2!53 Tr~T@ta,tb# !z~12z!~2z21!Fp~W2!,
~20!

whereFp(W2) is the pion electromagnetic form factor in th
time-like domain. Note that, contrary to the one-pion dist
bution amplitude@6,7#, the isovector two-pion GDA calcu
lated in the low-energy effective theory, Eq.~13!, is far from
the asymptotic form.

In this note we have given a first model estimate of t
two-pion GDA’s at a low scale. A number of qualitativ
features have emerged, which are independent of the de
of the quantitative approximations made. First, the GDA
generally exhibit discontinuities atz5z and 12z, which are
in complete analogy to those found in the off-forward part

FIG. 3. The integralI (z,W2) determining theg* g→pp ampli-
tude, Eq.~7!, given by the sum of Eqs.~11! and~19!, as a function
of z for various values ofW2. Solid line: W50.3 GeV.Dashed
line: W50.5 GeV.Dotted line: W52M050.69 GeV.
2-4
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distributions3 @11#. As in the OFPD’s, the momentum depe
dence of the dynamical quark mass derived from the ins
ton vacuum turns these discontinuities into continuous,
sharp crossovers. However, since the discontinuities of
GDA’s are not at odds with the factorization of the amp
tude for g* g→hh̄, we are able to estimate the amplitud
using the discontinuous GDA’s. Second, the isosinglet
-nonsinglet GDA’s for the two-pion final state computed
the low scale exhibit different symmetry with respect toz
→12z.

Our results concerning theW2-dependence of the GDA’s
and the total amplitude should be regarded as crude
mates. In particular, the imaginary part of the functions
W2.4M0

2 should not be regarded as physical, since it occ
in a region where the effective theory is no longer applicab
A more conservative approach would be to calculate
GDA’s in an expansion in the external pion momenta and

3The OFPD’s in the pion show qualitatively similar behavior
those in the nucleon@16#.
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pion mass, adopting, so to speak, the philosophy of the ch
Lagrangian. The physical imaginary part, which is due
final state interactions, appears in the next order of the 1Nc

expansion and can be estimated using the methods of c
perturbation theory@9#.

The studies reported in this note can easily be general
to distribution amplitudes forn.2 pions in the final state
Such multi-pion GDA’s play a role in the analysis of excl
sive processes of the typeg* p→Xp, whereX52p,3p etc.4

@17#. For instance, the two-pion isovector GDA comput
here can be used to analyze the 2p background in the dif-
fractive leptoproduction of rho mesons.
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4We are grateful to L. Frankfurt and M. Strikman for discussion
this point.
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